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A supersymmetry anomaly is found in the presence of non-perturbative fields. When the action
is expressed in terms of the correct quantum variables, anomalous surface terms appear in its
supersymmetric variation – one per each collective coordinate. The anomalous surface terms do not
vanish in general when inserted in two- or higher-loop bubble diagrams, and generate a violation of
the SUSY Ward identities.
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1. The assumption that supersymmetry (SUSY) is not
broken explicitly by non-perturbative quantum effects
underlies many investigations of supersymmetric gauge
theories [1,2]. This assumption was tested in numerous
semi-classical instanton calculations, but its validity be-
yond the semi-classical approximation has remained elu-
sive [3,4].
No consistent UV regularization known today pre-
serves SUSY. Also, one cannot define a SUSY theory
in a finite box, because the SUSY variation involves the
canonical fields as well as their conjugate momenta, and
no choice of boundary conditions can ensure a vanishing
SUSY current at the boundaries. These (not unrelated)
facts mean that the possibility that quantum effects do
violate SUSY merits a careful investigation.
In perturbation theory, conservation of the SUSY cur-
rent can be enforced order by order. However, the sig-
nificance of this observation is limited, since perturba-
tion theory is an asymptotic expansion. Whether or not
SUSY is an exact symmetry, is a question that must be
settled by going beyond perturbation theory.
When spontaneous SUSY breaking does not take place,
SUSY should be realized via exact Ward identities (WI)
of the general form 〈δsO〉 = 0. HereO is a gauge invariant
(multi)local operator, and δs stands for the SUSY vari-
ation. In order to examine the validity of SUSY WIs,
we have calculated 〈δsO〉 in the most general contin-
uum path-integral framework, using the standard rules
of Quantum Field Theory [5]. The result is the following
equation 〈
δsO
〉
=
∑
n
〈
O δsζn
∮
dσµ
..Jnµ
..
〉
. (1)
The sum in eq. (1) runs over the collective coordinates
pertaining to a given non-perturbative sector. δsζn is the
SUSY variation of the n-th collective coordinate. The
current Jnµ involves a ζn-derivative of the quantum field,
and its explicit form is given below. The surface inte-
gration is at space-time infinity. The normal-ordering
symbol means that the one-loop diagram obtained by
contracting the two fields in Jnµ is discarded.
The SUSY anomaly is a sub-leading effect that arises
from the interplay between two different physical scales.
Previous non-perturbative calculations were restricted to
the semi-classical approximation [1], which is too crude
to expose any anomalous breaking of SUSY. An excep-
tion is the two-loop result of ref. [3], which, however, has
a limited scope, because it pertains to Super Yang-Mills,
a theory that does not admit a systematic small-g ex-
pansion due to IR divergences. In contrast, our results
are directly applicable to any non-perturbative sector of
a weakly-coupled SUSY theory, and to any desired order.
In an operator language, we find a violation of the
SUSY algebra at the non-perturbative level. A similar
pattern exists in the case of the chiral anomaly – the
axial charge Q5 is conserved to all orders in perturbation
theory, and only when non-perturbative effects are taken
into account does one have
.
Q5 6= 0.
The non-conservation of Q5 is a consequence of the
existence of zero modes in the eigenmode expansion of
the fermion fields. Neither the UV regularization, nor
the triangle graph, play a direct role. While the details
are different, and more complicated, in the SUSY case, it
remains true that the UV regularization plays little role
in what follows.
Eq. (1) stems from a feature of the action princi-
ple, whose significance has not been appreciated before
– the surface terms in the variation of the action de-
pend in a non-trivial way on the nature of the indepen-
dent field variables. Specifically, when the action is ex-
pressed in terms of the quantum variables pertaining to
a non-perturbative sector, its SUSY variation contains
the anomalous surface terms that ultimately appear in
eq. (1).
2. We first specify our notation. In a non-perturbative
sector, each bosonic field B(x) is split into a classical
and a quantum part B(x) = b(x) + β(x). Here b(x)
is the classical field and β(x) is the quantum part. It is
not assumed that b(x) is an exact solution of the classical
field equations [5]. Fermion fields are denoted ψ(x). Also,
Q(x) denotes any field, and qˆ(x) is its quantum part. (If
Q(x) = ψ(x) is a fermion field, then Q(x) = qˆ(x).) The
background field b(x) depends explicitly on the collective
coordinates ζn. In addition, an infinite number of gauge
degrees of freedom ωa(x) should be fixed.
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The quantum part of each field is expanded in terms of
independent modes qˆ(x) =
∫ ′
dp χp(x)qˆp. The amplitude
of a quantum mode is denoted qˆp. The corresponding
eigenfunction is χp(x), with eigenvalue λp. The symbol∫ ′
dp stands for
∑∫
(dp/2pi) where p =
√
pµpµ and
∑
is
over all other quantum numbers of the continuous spec-
trum, plus a sum over normalizable states. In particular,
fermionic zero modes are included in the eigenmode ex-
pansion of the fermion fields. The quantum part of the
bosonic fields satisfies P ‖B β = 0, where
P ‖B =
∑
IJ
|b;I)(b;I|b;J)
−1
(b;J | , (2)
and I = (n, ω) is a generic index. b;ω(y) ≡ Ωa(x)δ(x−y),
where Ωa(x) is the linear differential operator such that
Ωω(x) is an infinitesimal local gauge transform of the
classical field. b;n(y) = b,n + Ωωn where ωn is deter-
mined by the background gauge condition Ω†b;n = 0.
The bosonic eigenfunctions are determined by the eigen-
value equation L⊥B χ
B = λ2χB. Here λ2 is an eigenvalue
of p2+M2 whereM is the mass matrix. L⊥B = P⊥BLBP⊥B
where LB is the differential operator that enters the
quadratic part of the bosonic action, and P⊥B (x, y) =
δ(x−y)−P ‖B(x, y) is a transversal projector. Notice that
all eigenfunctions and, hence, all quantum fields qˆ(x), are
explicit functions of the collective coordinates ζn.
Consider an infinitesimal field transformation Q(x)→
Q(x) + δQ(x). To keep the discussion general, we only
assume at the moment that δQ(x) is a local function
of Q(x), Q,µ(x), etc. In a functional integral, the field
variation δQ(x) must be generated by variations of the
independent variables, which include the collective coor-
dinates ζn, the gauge degrees of freedom ω
a(x), and the
amplitudes of the quantum modes qˆp. Explicitly,
δQ(x) = δqˆ(x) +
∑
n
Q;n(x)δζn +Q;ω(x)δω(x) . (3)
Here δqˆ(x) ≡ ∫ ′ dp χp(x)δqˆp. Eq. (3) defines the in-
dependent variations δζn, δω
a(x) and δqˆp in terms of
δQ(x). The field derivative Q;I is given by b;I + β;I for
bosons (ψ;I for fermions). For the quantum part of any
field qˆ;ω(x) = −igT aqˆ(x) and qˆ;n(x) =
∫ ′
dp χp;n(x)qˆp
where χp;n = χp,n − igT aωanχp. An explicit expression
for δζI = (δζn, δω
a(x)) follows from eq. (3) by exploit-
ing the constraint P ‖Bβ = 0. In the SUSY case one has
δsζI =
∑
J C
−1
IJ (b;J |Γψ). In this expression, Γ is a con-
stant matrix (that matches the indices of bosons and
fermions), Γψ = δsB is the SUSY variation of bosons,
and CIJ = (b;I|b;J + β;J).
We now turn to the derivation of eq. (1). We introduce
the functional differentiation operator
T =
∫ ′
dp δqˆp
∂
∂qˆp
+
∑
n
δζn
∂
∂ζn
. (4)
We will also write Tq and Tζ to denote respectively the
first and second terms on the r.h.s. of eq. (4). For any lo-
cal gauge-invariant operator O, one has T O = δO, where
by definition, δO ≡ δQ(∂O/∂Q)+ δQ,µ(∂O/∂Q,µ) + · · ·.
The expectation value 〈δO〉 is given by the functional
integral
〈
δO
〉
=
∫ ∏
n
dζnDqˆ J e−S T O , (5)
where J = DetC/Det (b;I |b;J)
1
2 is a generalized Fadeev-
Popov jacobian [3]. CIJ is the same matrix that enters
the definition of δζI above. Integration by parts now
leads to the fundamental WI〈
δO
〉
=
〈
O (T S)
〉
+
〈
O δµ
〉
. (6)
Here δµ is (minus) the variation of the path integral mea-
sure
− δµ ≡ T log J +
∫ ′
dp
∂δqˆp
∂qˆp
+
∑
n
∂δζn
∂ζn
. (7)
We comment in passing that the above reasoning is
completely general. It is instructive to see how the for-
malism works in the case of an infinitesimal translation.
Let us define δµQ = Q,µ. In this case, all collective and
quantum variables are invariant, except for the transla-
tion collective coordinates x0ν , which transform according
to δµx
0
ν = −δµν . Applying eqs. (6) and (7), one easily
verifies that 〈O,µ〉 = 0.
We now have to compute T S, paying attention to the
surface terms. It is convenient to start with the action
principle
∫
ddx δL −
∮
dσµ(ΠµδQ) =∫
ddx δQ (−Πµ,µ + ∂L/∂Q) . (8)
As usual Πµ = ∂L/∂Q,µ where the lagrangian L =
L(Q,Q,µ). Substituting eq. (3) into the r.h.s. of eq. (8),
and integrating by parts leads to
∫
ddx δQ (−Πµ,µ + ∂L/∂Q) =∫
ddx δqˆ (−Πµ,µ + ∂L/∂Q) (9a)
+
∑
n
δζn
∫
ddx
(
piµQ,µ,n + (∂L/∂Q)Q,n
)
(9b)
−
∑
n
δζn
∮
dσµJ
n
µ . (9c)
We have used the gauge invariance of the action. Here
Jnµ = ΠµQ,n , (10)
In terms of the modes, the bilinear part of the action is
S(2) = (1/2)
∫ ′
dp λpqˆ
2
p. Therefore,
2
TqS(2) =
∫ ′
dp λpqˆpδqˆp (11a)
=
∫
ddx δqˆ(x)Lqˆ(x) . (11b)
In going from (11a) to (11b), we must let L act on qˆ(x),
and not on δqˆ(x). This implies that expression (9a) is
equal to TqS. (Note that ∂L/∂Q = ∂L/∂qˆ.)
Since ∂/∂ζn acts on the classical field or on the wave-
functions, expression (9b) is equal to TζS. Putting ev-
erything together, we arrive at the following result
T S =
∫
ddx δL −
∮
dσµ(ΠµδQ) +
∑
n
δζn
∮
dσµJ
n
µ .
(12)
Eq. (12) is completely general. In the SUSY case, δsL is
a total derivative, and the first two terms on the r.h.s. of
eq. (12) are equal to
∮
dσµSµ. The last term in eq. (12)
is an anomalous surface term. (
∮
dσµSµ vanishes unless
there are massless one-fermion states in the spectrum
of the SUSY current Sµ.) In the above discussion, one
can neglect modifications of the lagrangian by a total
derivative Kµ,µ. This results in adding the ζn-derivative
of a current Kµ,n to J
n
µ , which leaves invariant our final
expression for the anomaly (see eq. (18) below).
It remains to compute δsµ. Using eq. (3), the expres-
sions for δsζn and δsqˆp, and some lengthy algebra we get
〈
δsO
〉
=
∑
n
〈
O δsζn
(
STr (∂/∂ζn) +
∮
dσµJ
n
µ
)〉
. (13)
The spectral trace STr (∂/∂ζn) =
∫ ′
dp (−)F (χp|χp,n)
comes from δsµ. In a gauge theory it includes the contri-
bution of the ghost fields.
Regardless of its precise definition, the spectral trace
cannot cancel
∮
dσµJ
n
µ , because the former is a c-number
function of the collective coordinates, whereas the latter
is an operator. In fact, a detailed diagrammatic analysis
which we relegate to a separate publication [6], shows
that subtracting −STr (∂/∂ζn) from
∮
dσµJ
n
µ yields the
normal-ordering prescription defined in eq. (1).
In terms of diagrams (compare eq. (5)),
〈
O
〉
=
∫ ∏
n
dζn e
−Scl−W1−W2
〈
O
〉
ζ
. (14)
At fixed ζn, exp(−W1) is Det (b;I |b;J)
1
2 times the func-
tional determinants of L⊥B and LF . W2 is the sum of all
connected bubble diagrams, and 〈O〉ζ is the sum of all di-
agrams that together constitute an insertion of O. Using
this notation, the result of the diagrammatic calculation
is
〈
δsO
〉
ζ
=
∑
n
{〈
O δsζn
∮
dσµ
..Jnµ
..
〉
ζ
+
∂
∂ζn
〈
O δsζn
〉
ζ
−
〈
O δsζn
〉
ζ
∂
∂ζn
(Scl +W1 +W2)
}
. (15)
Eq. (15) is valid in the (background) Landau gauge. Mul-
tiplying eq. (15) by exp(−Scl − W1 − W2), integrating
over ζn, and dropping a total ζn-derivative, one arrives
at eq. (1). In the semi-classical approximation, this re-
sult is consistent with the instanton calculus of Novikov
et. al. [1].
For an operator
∫
ddxO(x), which is the integral over
all space-time of a local density, eqs. (13) and (15) are
modified by an additional surface term. This is true in
particular for the SUSY generators. The additional sur-
face term represents an anomalous transformation law,
and it arises for the same reasons as the anomalous sur-
face term in the variation of the action. See ref. [6] for the
details. (SUSY violations arising from the UV regular-
ization are cancelled by tuning the counter-terms order
by order. This mechanism works both in the vacuum
sector and in non-perturbative sectors, and is taken into
account in eq. (15). The only remaining effect of the UV
regulatization amounts to anomalous local terms in the
transformation law of certain composite operators [7].)
3. We now consider diagrams with an insertion of∮
dσµ
..Jnµ
... Terms in Jnµ involving the classical field, as
well as trilinear terms (which arise in a gauge theory)
vanish at infinity and do not contribute to (9c). (For the
trilinear terms this is due to transversality of the bosonic
quantum field.) Therefore, henceforth Jnµ = pˆiµqˆ,n, where
pˆiµ = qˆ,µ for bosons and ghosts, and pˆiµ = ψ¯γµ for
fermions.
For an asymptotically large distance R, the ma-
trix element of Jnµ between eigenstates of momenta p
and p′ involves an oscillatory factor exp(±iR(p ± p′)).
A non-vanishing result is therefore possible only when∮
dσµ
..Jnµ
.. is inserted into a bubble diagram, because
the latter contains a piece proportional to δ(p− p′).
The anomalous term in eq. (15) thus factorizes into
〈O δsζn〉ζ
〈∮
dσµ
..Jnµ
..
〉
ζ
.
A diagram with an insertion of
∮
dσµ
..Jnµ
.. contains one
special line Gn(x, y) = 〈qˆ(x)qˆ,n(y)〉. Explicitly
Gn(x, y) =
∫ ′
dp χp(x)
1
λp
χ∗p,n(y) . (16)
All other lines in the diagram correspond to ordinary
propagators G(x, y) in the given non-perturbative sec-
tor. However, since the surface integration takes place
at infinity, one can replace G(x, y) by the correspond-
ing free propagator. Observe that in general (except for
collective coordinates related to exact symmetries such
as global translations) Gn(x, y) is not a linear combina-
tion of ordinary propagators and their derivatives even
asymptotically.
As a representative example, we now write down an ex-
plicit expression for the sum of all bubble diagrams with
an insertion of
∮
dσµ
..J (ρ)µ
.., where ρ is the scale collective
coordinate of the one-instanton sector. Exploiting the
spherical symmetry of the instanton field, and removing
kinematical factors, the asymptotic behaviour of a out-
3
state is χp ∼ exp(−ipr) + S exp(ipr + iαl), where αl is
a constant phase that depends only on the angular mo-
mentum l. S = S(p; l; ρ) is the first-quantized S-matrix
associated with the differential operator L⊥B for bosons,
with LFL
†
F for fermions (we consider vector-like fermions
for simplicity), and with Ω†Ω for ghosts. At fixed ρ,
〈∮
dσµ
..J (ρ)µ
..
〉
ρ
= − tr (−)F
∫
dpdp′
8pi2
Σ˜(p′)G˜(p′)
×
[∮
dσµJ
(ρ)
µ (p
′, p)G0(p) (χp|χ
0
p′) + h.c.
]
. (17)
G˜−1(p) = G−10 (p) + Σ˜(p), where G0(p) is the free prop-
agator and Σ˜(p) is the self-energy in the vacuum sector.
J (ρ)µ (p
′, p) is the matrix element of J (ρ)µ between χ
0
p′ and
χp, where χ
0
p′ is a free-field eigenstate. Keeping only
the singular part, (χp|χ
0
p′) ≈ piδ(p − p′)(I + S†) while
G˜0(p)
∮
dσµJ
(ρ)
µ (p, p) = ipλ
−2 ∂S/∂ρ. (Recall that λ2 di-
agonalizes p2 +M2.) We thus arrive at
〈∮
dσµ
..J (ρ)µ
..
〉
ρ
= −i tr (−)F
∫
dλ
8piλ
Σ˜G˜
×[(∂S/∂ρ)(I + S†)− h.c.] . (18)
This result generalizes to background fields lacking a
spherical symmetry, and constitutes an explicit expres-
sion for the anomaly. Bubble diagrams with an inser-
tion of
∮
dσµ
..Jnµ
.. have no overall UV divergence, because
∂S/∂ζn always vanishes rapidly for large p.
An algebraic relation between the small-fluctuations
operators follows from eq. (8). It reads
ΓLB − LFL†FΓ
◦
= V · δsψ(b) . (19)
The symbol
◦
= means that eq. (19) holds when applied to
functions χB(x) obeying the background gauge condition
Ω†χB = 0. δsψ(b) is the classical part of the SUSY vari-
ation of the fermions, Γ has been defined below eq. (3),
and V is the three-index coupling defined by the fermion
interaction lagrangian LintF = VAbCψAβbψB .
Eq. (19) implies that the scattering potentials that en-
ter the bosonic and fermionic small-fluctuations equa-
tions are different. Consequently, SB 6= SF . (In four
dimensions, the only exceptions are pure YM instantons
with no Higgs field, where, due to the self-duality of exact
solutions, the r.h.s. of eq. (19) involves a Dirac projection
operator on a single chirality.) Since SB 6= SF , and since
the all-orders expansion of Σ˜G˜ constitutes an infinite set
of linearly independent functions of p, the sum of all bub-
ble diagrams
〈∮
dσµ
..J (ρ)µ
..
〉
ρ
cannot vanish. This, in turn,
implies that 〈δsO〉 is non-zero in general, because O and
the ρ-dependence of 〈O δsρ〉ρ are arbitrary.
In practice,
〈∮
dσµ
..J (ρ)µ
..
〉
ρ
should be O(g4). First, Σ˜
is manifestly O(g2). An additional O(g2) suppression
factor appears because the fluctuations spectrum is ap-
proximately supersymmetric in the instanton’s core. The
ρ-integration is dominated by ρ ∼ v−1, where v is the
Higgs VEV [5]. On the other hand, effects of the position-
dependent background Higgs field, which are responsible
for the discrepancy between SB and SF , arise from the
mass scale m = gv. As a result, the relevant form-factors
depend on the dimensionless variable mρ ∼ m/v = g.
4. In this Letter we have derived a general expression for
the SUSY anomaly. Our results prove that SUSY viola-
tions arise generically in asymptotically-free and super-
renormalizable theories, when the full non-perturbative
effects of the physical IR cutoff are taken into account.
The essential ingredients of the violation are the existence
of collective coordinates which transform non-trivially
under SUSY, and the discrepancy between the depen-
dence of the first-quantized S-matrices of bosons and
fermions on the collective coordinates.
We now summarize the situation is various euclidean
dimensions. In one dimension (SUSY q.m.) SB is al-
ways equal to SF on the relevant backgrounds. For two-
and three-dimensional single instantons, i.e. fluxons and
monopoles respectively, SB 6= SF , but both do not de-
pend on the collective coordinates, which correspond only
to exact symmetries. The single four-dimensional in-
stanton was discussed above. Finally, multi instanton-
antiinstanton configurations in more than one dimension
lead to a non-trivial dependence of SB − SF on some
collective coordinates (such as relative positions).
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